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MARCUM'S AND SWERLING'S DATA ON
TARGET DETECTION BY A PULSED RADAR

Introductilion

Marcum has produced (Reference (a))* a definitive
treatment of the statistical problem of target detection by
a pulse radar. His papers have withstood the test of time
since their original publication (1947-48). - They have been
republished twice ~-- most recently by the Institute of Radio
Engineers as a part of a speclal monograph 1issue., They are
widely referenced.

However, the text and graphs of Marcum's papers
are presented in terms so highly mathematical that his re-
sults may not appear as uszeful as they really are, The pur-
pose of this memo is to describe the problem that Marcum

solved and to present graphs of more extensive and more
accurate computed data 1n a form which may prove more useful
for most appllcations. Nothing new 13 added from the statis-
tical viewpolnt. Those 1lnterested in the mathematical develop-
ment are referred to Reference (a).

* Relerence (a) Marcum, J.I. and Swerling, P.; "Studies of
Target Detection by Pulsed Radar"; IRE Transactions Volume
IT-6, No. 2 dtd Aﬁril 1960, (Also published as Rand Re-
search Memo RM 754 by J,I,Marcum dtd 1 Dec 1947; Rand Memo
RM 753 by J.I.Marcum dtd 1 Julﬁ 1948; and Rand Memoc RM 1217
by P.Swerling dtd 17 March 1954,




-

o
LA
;
&
ok
)

e
e T -

-

el

— e

b

-y

:.
U
.l

i )

-y
3
t
-

Te Johne Hopking University -2 -
- APPLIED PHYSICS LABORATORY
Silvar Spring, Marylend

Swerling's paper in Reference (a) extends Marcum's
results o the case of a radar target with an echo of fluctu-
ating strength. Swerling's analytic results have been used
in thils memo to extend the numerical data beyond that given
in Reference (a). The results of these computations are pre-
sented below.

The Nolse Problen

A pulse radar set is an electronic device which can
alternately radiate and receive electromagnetic energy.
Limitations are placed on the bandpass of the receiver and
also on the time of receptlon so that any received energy is
suspected of belng an echo of the radiated energy. The re-
celver 1s dedlgned to measure the smallest energy possible
to minimize the transmltted energy. As these recelvers be-
come more and more sensitlve, their measurements become influ-
enced by energy which before had been unnoticed in the back-

ground.

Until recently, background discrimination was done
principally by people who observed a display attributable to
the received energy and thermal nolse generated internally.
Through the use of very subtle target detection criteria and
integration laws, (that are not well understood) trained ob-
servers are very effective in detecting targets in the presence
cf background noise., Marcum's results, in theory, apply at
least partlally to target detection by people. For applicable
numerical results, it would be necessary to interpret their
detection c¢riteria in terms of a signal-to-noise ratio; and
also to know the observer's integration law.

Marcum's results apply directly to the performance
of an automatic detectlon system whilch 1s based on signal-to-
noise ratio. In an automatlic system, energy recelved as nolse
simultaneously with an echo cannot be rejected on the basis of
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frequency without rejecting the echo. This 1s because nolse
contains all the frequencies of interest superimposed in
random phase, This superposltion accounts for the large and
random fluctuations in the amplitude of the noise signal.

The ratio of signal energy to noise energy 1s of
fundamental concern In attempting to make radar detections.
When slgnal energy ls measured over the same time interval
as nolse energy, the energy ratio is identical to the power
ratio. Since the times are usually the same, equations below
will be written in terms of power. It should be remembered,
hcowever, that In the general case the time interval for measur-
ing signal and nolse energy might not be the same and due
account of this fact must then be taken.

The power, P of the target echo, which we would

e)

like to measure 1s:

2

. Pth\\ 5 Gg A . "
€ MvRe } hﬁgg e

where Pe is the power of the echo at the input to the

.recelver
Pt 1s the power transmitted

t is the gain of the transmitting antenna

9} 1s the scatterlng cross section of the target

GR is the galn of the recelving antenna

A is the carrier wave length

L 1s a factor to account for two-way losses due to
such causes as propagaticn through the medium,
antenna, bezm shape and plumbing, and

R is the range to the target.
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The first term of equation (1) in parenthesis describes the
radlal distributlon of power density from the transmitting
(1llumilnating) antenna. The second term accounts for the
pover reradiated from the target. The third defines the frac-
-tlon of the reradiated power captured by the receiving antenna.
The product of these terms defines a mean echo power that would
be measured were 1t not fcr the large fluctuations in nolse
power, Consequently, what 1s needed is a criterion for decid-
ing whether the measured power indicates the presence of a
target or not. A very useful declision criterion 18 used in

statistics called the Neyman-Pearson Observer. This criterion
requires a fixed value of signal-to-ncise ratio (i.e. threshold)
for comparison to the signal-to-nolse ratio being measured.

If the measured value 1is larger than the threshold, a target is
repcrted. Noise willl, at times, cause reports of targets when
no targets are present. Some detections will. be missed be-
cause nolse happens to be low durlng the echo. If false alarms
prove bothersome, either the threshold value of signal-to-noise
ratlio must be increased at the expense of missed detec¢tlons or
more radlated power; or more sophlsticated decision criterla
nust be instrumentéa. Thils latter alternative 1s outslide the

| scope of the present paper.

The problem of target detection by continuous-wave
radar can be treated 1n the same way 1f the observed sample of
; the contlnuous retura from the target 1is interpreted as a pulse.

False Alarm Number

Marcum defined the complex relationship between a
threshold value of signal-to-noise ratio and the probability
that values in excess of the threshold will exist in the

L—-ﬂ\.ﬁ“—-m A B fEL ) A Y ——— ¢ M S A s mm b =+ mee e A e o mm e
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presence of both nolse and echoes. These excesses will be
reported as target detections and as mentioned above, will
include both false and real i'eports of targets.

The prok:em starts with noise. Suppose that the
voltage due to nolse alone varies with time like this:

i\

=
t —

During the perlod shown the nolse would have exceeded thres-
hold voltage level A 7 times, level B 5 times and level C
only twice, Obvicusly, the higher the threshold, the longer
will be the average time between occasions when noise alone
exceeds the thresheld. This time 1s of considerable concern
because if too short, we will be faced with too frequent false
alarms; and if too long, excecslve radlated energy will be
required to achleve reascrable protabillties of target detec-
tion. To get a mathematlical handle on thls time, 1t 1is
defined as Tollows: the false alarm time 13 the time durilng
which the probabllity is PO that there wlll not be a false
alarm. For purposes of standarization, PO i1s taken to be 0.5.

>m® O

PN is the probability that a false alarm is obtailned
each time there 13 an cpportunity. The false alarm number,
n’, is the number of independent cpportunlities for a false
alarm in the false alarm time. Then as stardardized

r'd
P, = (1 - P)™ = 0.5 (Marcum eg. 10)* (2)

¥ These references are to equations in RM-753 of Reference (a)
but theyare nct necessarily quoted verbatum.
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where P is the probability of no false alarm during
the false alarm time

PN is the probablllity of a false alarm on each
opportunity, and

n’ 1s the false alarm number.

When the number of opportunities feor a false alarm, 1.e.,
the false alarm number, 1is very large, an approximation to
equation {2) glves accurate values of the probability of a
false alarm, namely,

~ 4 1
Py~ Hiloge Fa (Marcum eq. 21) (3)

The values of false-alarm prcbabllity in Table I apply when
PO = 0.5,

TABIE I

PROBABILITY OF A FALSE ATARM IN THE
ABSENCE OF TARGET ECHOES

False Alarm Probabillity, P

False Alarm Number, n’ N
10° 6.93 x 107
10° 6.93 x 167"
10° 6.93 x 1077
108 6.93 x 1077
1010 6.93 x 10711

The cnhoise of false alarm number associated with a
particular radar depends on the function 1t performs. Search
radars usually are designed to have very large lalse alarm
numbers, e.g., 107, to minimize the time wasted in reacting to
false detections. On the other hand, track radars can use
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small false alarm numbers because the tracking antenna is’~
not unduly distracted by an occasilonal false detection during
acquisition of the target; and, during tracklng, the distrac-
tion 1s completely negligible,

The number of opportunities for a false alarm may
be calculated 1n terms of the pulse repetition frequency (FRF),
the number of range gates per range sweep, and the method of
signal processling. Common processing techniques are the co-
herent and Incoherent integration of pulses; coherency refers
to the preservation of phase in the pulse-summing process.
Rarge gates are switches that open and close at specified times
so that a target echou, 1if any, can be admitted from a predeter-
mined elenment of space, refrered to as a cell.

Since a decision must be made each time a gate is
open, whether a target 1is present or not, nolse pulses that
enter can be Interpreted as a target 1if thelr sum 1s strong
enough. The number of pulses actually processed per unit time
is the number of rar ze gates per sweep multiplied by the pulse
repetition frequency. If, prior to the decision, m pulses are
Integrated coherently, and then N of the resulting signals are
integrated incoherently, the opportunities for a false alarm
are rediced proportionally at the expense of reducing the nutber
of cells that may be searched per unit time.

The false alarm number is related tec the false alarm
time as follows:
_ _mhn”
F ~ (PRF)G
folse alarm time

t

number of pulses integrated coherently
number of signals integrated incoherently, and

> number of range gatesS per range sweep.
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Blas Level ‘
The probabllity, PN’ that noise alone will exceed

a given bias level of voltage 1s obviously a function of the
blag level. The nature of the function depends on the com-
bined law of the detector and integrator and the characteris-
tics of the nolse. The detector referred to here 1s the
envelope detector, the output of which 1s a given function

of the envelope of the carrier wave. Thils functlon 1s called
the law of the detector., The integrator affects the statistical
problem in the same way a3 the detector. The function of

the signal voltage which 1s integrated 1is called the law of

the integrator, e.g. the square of the pulse voltage might

be integrated over N pulses, So long as the same weight 1is
applied to each of the N pulses the integrator 1is called

linear, e.g., we could have a linear square-law integrator.

The solutions for the blas level which are obtained
are for the combined law of the detector and integrator.
The sclution obtained most easily is for a combined square
law which 1s usually thought of as a square-law detector
coupled with a linear linear-law integrator.

The bilas level for the combined square law case,
and for the assumed normal distribution of noise voltage, 1is
glven by:

Y
= -1 oY
P, = T 9 (Marcum eq. 39) (5)
o

y (Marcum eq. 26)
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%
where Y, 1s the bias level normalized to root mean N
square nolse, and AU

N 1s the output of the detector ncrmalized to ﬁfé
. Ny .
root mean square noilse. ;LJ
The relationships among Y., N and n’ are shown in Figure 1 '@%ﬁ
for P_ = 0.5. Mean square noise is defined as $§g
.o o A

¢O=‘/'w (f) df (Marcum eq. 3) (7) .

o

where 13 mean sQquare nolse

¥
o
w(f)1is the power spectral density of the noise output of the
recelver (assumed to be a linear filter with gain), and

f 1s the frequency.

Target Detection

; A Tunctlonal block diagram of an automatlc pulse
; radar may be drawn as follows:
|

|

{.( . Alarm

Duplexer Range| _lCoherent Detector| _jIncoherent| _JThreshold
B Gate Integrator Integrator
}¥Transmitter
Root Mean od 125
Square Noilse Level

The coherent integrator adds pulses elther at carrier frequency
or at some intermediate frequency. The output i1s fed to the
envlope detector and also to a device to obtain Yo and take the
square root. The value obtained for wo must not be unduly in-

fluenced by echoes. This value 1s multiplied by a factor, Yb,

- = AL A -'_f bt
R R
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to obtaln the bilas level. The integrated output of the de-
tector 1s compared to tne blas level in the threshold device.
If the integrated detector output is larger, the alarm is
sounded indicating the probable presence of a target. Marcum's
analysls applies to only that part of the functlonal block
diagram downstream of the coherent integrator. If m pulses

are integrated coherently, Marcum's data apply to % of the

transmitted pulses, each of which has m times the energy of
a single transmitted pulse,

The probabllity of detection, 1.e. the probabllity
of sounding the alarm in the presence of signal and noilse, is

given by:
y N-1
b 2
1 Y -Y-Nx 1/2
Py =1 Jf (ﬁ;’ e Iy.1 (2[NxY] )dY (8)
o]
(Marcum eq. 49)
where X is the signal to noise power ratio (later x = S),
and
I 1 the modifled Bessel function of the first
kind.

Since the relationships have been established among the bias

level, Yb’ the false alarm number, n“, and the number of pulses integrated
N, by equation (5), the probability of detection can now be

related to n/ and N through equation (8). These relationships

are shown in Figures 2 through ll

Range Equation

As mentioned above 1in connection with equation (1),
the signal-to-nolse power ratico is available by cbserving
slignals and nolse over the same perlod of time. Since Marcum
shows the probability of detection as a function of the signal-

l
-




The Johns Hopkins University - 12 -
APPLIED PHYSIOCYS LABORATORY
Silver Spring, Marylend

to-nolse power ratio (equation (8)), all the perameters of
interest to the formulation of the range equation are avail-
able in consistent units. Nolse power from unavoildable sources
such as thermal, shot and galactic nolse 18 usually normallzed
to thermal nolse power.

The range equation can now be written. It
expresses, among other things, the relationship between the
range and the probability that a detection will be made each
time the range 1s sampled. These detectlons will include
false alarms. '

£ g 2

T (4m)° [KTaF] S (N, o/, P

N

where is the range

1s the number of pulses Integrated coherently

ud 3 o

is the peak power in relation to the average
transmitted power of the radar (actually the
average power of each transmltted pulse )

1s the gain of the transmitting antenna

e

is the gain of the receiving antenna
is the wave length of the carrier wave
is the scattering cross section of the target

0 oa > 9 9

is the product of loss factors, e.g. due to
medium, plumbing, beam shape, etc.

=

1s Boltzmann's constant for thermal noise energy

= 1.38 x 10727 Joules/degree Kelvin

is the absolute "room" temperature (IRE standard is 290°K)
is the receiver bandpass

3

1s the noise figure of the receiver
is the number of pulses integrated incoherently
/ is the false alarm number

‘o 3 =2 39

is the probability of detection for N pulses
integrated incoherently, and

TS S ST T T TR R T AN I STRAT DDA e DT I I LA DAL L O A
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S is the signal to noise power ratio (given as x
by Marcum as a funetion of N, n’, and PN)._

The numerator of equation (9) divided byx[(ihr)} Rﬂ
expresses the summed power of m reflected pdlses measured at
the input to the receiver., The term 1n brackets in the denomi-
nator -expresses the nolse power due to the usual source, 1.e.
the noise of the recelver referred vo thermal nolse., If other
sources of nolse are precent, such as nolse Jammers, their
power as measured at the lnput to the receiver must be added

to the term in brackets.

Collapsing Loss

The function S(N, n’, PNL which is shown in Figures
2 through 11, has been computed for conditions under which the
radar set integrates the same number of nolse pulses as signal

pulses., If more noise pulses are integrated than signal

pulses, a greater sigral-to-nolse ratio 1s associated with

any given pcobability of detection than 1s given by S(N, n’, PN).
Marcum defines a collapsing ratlo as:

- M E N (Marcum eq. 226) (10)

where c 1s the collapsing ratio, and
M is the additional number of nolse pulses inte-
grated.

The term "collapsing" stems from an association of this ratio
with the superposition, or "collapsing'", of data on a radar

scope. A collapsing loss 1is also defined:

s
1
L. = 3

c (Marcum eq. 232) (11)

ro) Y T " A M
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where Lc is the collapsing loss factor &
S 1s the signal to nolse ratio for M = 0, and ;ﬁi
S, 1s the signal to nolse ratio for M > O. £§ 
In cases where collapsing loss applies, the .denominator of ﬁ;t
equation (9) 1s multiplied by L. Note that in so doing, ?’-
S(N, n/, PN) is merely changed to Sl(M, N, n/ Py + M)‘ A %;'
Values of Sy(MN,n% Py . ) can be found from ??
S(N, n} PN) through the use of p. First find the bias level >
from Figure 1 using pN for the parameter N noted on the ¥§
Figure. Then find a value for S for the desired probability fg
of detection using pN for N in Figures 2 through 1L Multiply #T
this value of S by p to obtain S;. This value of §; can then ﬁf
be used directly in equation (9) for S or used indirectly g&
through equation (11). Symbolically, : g@
S1(M, N, n} Py o ) = 08 (oN, n', Py) (12) ;‘
when Py, oy = Py | :
: pAN
Marcum's Other Results %§~
Results which Marcum derlved for the square law d{_
of the comvined detector and integrator have emerged as fthe gﬁ
standard for radar calculations. This is partly because the ﬁﬁ
square law permifs the easleszt solution of the statistical ip

problem and partly because changing the law doesn't make much
difference. lHowever, thls 1is not Marcum's only result.

Linear Law - Marcum made a limited number of cal- §§’
1 culations fcr a combined linear law. A comparison with the *g'
¢ square law results show that the differences are very small. i,
X For example, at a detectilon probabllity of 0.5, the required %%
% signal-to-noise ratio i1s the same for both laws for N = 1 and !ﬁ
e
(o)

i oy g

X %
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N = 70. For N = 10, the square law requires about 1.3%

more power ratio than the linear law. For N very large, the
linear law approaches a requirement of about 2.2% more signal-
to-nolse ratio than the square law. These results are ample
Justification for preferring the more easlly obtalned square
law data.

Signal Plus Nolse Minus Nolse - Marcum obtailned
results for systems which integrate composite pulses forﬁed
by subtracting one nolse pulse from each signal-plus-noise
pulse. Quoting his own analysis of the results, "There
appears to be no significant difference in the probabilitles
of detection for N between 1 and 10. For N between 100 and
1000, the composite case glves an effective signal tc noilse

ratio about 1 db lower than the ordinary case". An.advantage
of thls scheme 1s that substantlally lower blas levels pertain
when N 1s large.

. Alternate Detection Criteria - Another method of
dete:tion 1s based on the probability of signal-plus-noise
exceeding noise aléne over a period of time. This time is
taken to be the false alarm time. Marcum obtained limited
numerical results for this criterion. He polnts out that this

criterion is not useful for search because of the difficulty
of picklng out the largest signal over a period of time and
because of the difficulty of what to do when many signals are
present. However, this criterion 18 useful for determining
the probabllity that an automatic tracking beam will lose its
target due to noise, See (Marcum eq. 1385).

Another detection criterion is based on the shift
in average value of a distribution of signal plus noise from
that of noilse alone divided by the standard deviation of
noise alone. This is called the deflection criterion. Marcum

£ _,{
O TR SRR
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shows that this criterion makes detection a function of Nl/2
whereas the blas level critefion takes advantage of making
detection a functlion of N raised to powers from 1 to about

0.75 depending on the slize of N. Thus, the deflectlon criterion
1s not preferable. #.rcum uses the deflection criterion,

however, for a special proof that the square law for the detector-
integrator 1s the best posslble law for sufficiently small
signal-to-noise ratios (Marcum eq. 225).

Best Posslble Detector Law - Marcum proves
rigorously that there 1s a best possible detector law for
each signal strength (Marcum eg. 217). For small signals the
best possible law closely approximates the square law, For
large slgnals, it is the linear law. However, the numerical

results for these extreme cases are not very different, so that
if faced with a cholce, there is not much reason to prefer

cne to the other on the basls of detection probability. However,
the linear law has one practlical advantage in that a linear
detector would be less subJect to saturation by large signals.

Antenna Beam Shape Loss - Marcum points out the
obvious fact that in the static case, one should use the antenna
galn which is assoclated with the target's position in the
beam pattern. However, in the scannling case the target's

position moves through the beam pattern causing different gains
to apply €each time the range 1s sampled. The questlon arises
as to how long the echo pulses can be Integrated while the

beam 1 on the target. Marcum states, as the result of his
analysis, that integration should be carried out to about 1,1
times the half-power beamwidth, practically independent of the
range and the number of pulses per half-power beamwidth. If
this 1s done, the average loss factor referred to the ideal
case of constant gain is about 0.84 (i.e. 1.5 db). This result

memmn\ AN AT T AR S LAY LWL RIS I N R W E W UM AW AL A LSRN MR PN SN AR TR T N MR (SRR WU WK
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does not apply wnen scanning is so fast that only one target

hit is achieved per beamwldth. For cases where fast scanning re-
1 sults in successive echo pulses having different signal

strengths Marcum indicates the statlistical solutlon but does

not work it out, .

Limiting Loss - Through calculations which were
not reproduced in Reference (a), Marcum concluded that for N
large, the loss due to limiting in the receiver 1s only a
fraction of a db if the limiting ratio 1s as large as 2 or 3.
The limiting ratiois deftned as the ratio of the limiting level
to the root mean square noise level. If only 1 or 2 pulses
are integrated the ratio must be as high as 10 to prevent a
serious loss. Integrator 1limiting can alsc cause a loss but
Marcum says that this loss 1is small compared to the limiting
of the individual pulses. '

Fluctuating Target

Swerling extended Marcum's square law results
to four different cases in which targets return echoes of
fluctuating strength. Cases 1 and 2 apply to targets which
can be represented as a number of independently fluctuatlng
reflectors of about equal echolng area. Such 1s said to he
the case for objects which are large compared to a wave length

and shaped not too much like a sphere., It 1s ~laimed that
observed data on alrcraft targets agree with the density dis-
tribution assumed for cases 1 and 2. This distribution is

X
w (x, X) = %-e X.x2o0 (13)
X
where X 1s the average signal to noise ratio over

all target fluctuatlons.

Cases 3 and 4 apply to targets which can be
represented as one large reflector together with a number of

U e Ao 3 TR vy S, MM, =Y - f § W Y ————T WRTY G2 3 L7 MY M oY S o M ML PSR A MR W W M r RN YW emwt S mew f e a W ow



small reflectors; or as one large reflector subject to small
changes in orilentation. The assumed density distribution 1is:

=
»
v

w (x,)'-l) = - e s X 0] (l’-#)
X . .

Cases 1 and 3 apply when echo fluctuations occur
from scan to scan. During a scan the echo strength is asszumed
constant. Cases 2 and 4 apply when fluctuations occur from
pulse to pulse. Swerling's formulas are as follows:

CASE 1 -

For N > 1:



P Lt .
P G L

For any N:

For N = 1:

For N = 2:

- 19 -
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For any N;
Yy,
N + 5
- -k ‘ -Y,2N=1-k 3
_ 1 X N! e Yy :

Py=l-T—o% @ wwT | ey (21 |
1+ —) . |
v +5 | | ,

k=0 2

For N = 1, this equation reduces to Equation (18).

Swerling did not give the exact expression for Py for
Case 4, Equation (21) was derived by Ronald Roll from the .
characteristic function for Case 4 given in Reference (a).

The relationships among Py X, N and n' expressed
by Equation (5) and Equations (15) through (21) are shown in
Figures 12 through 49, Symbolically,

x = S5(N, nt, Py) (22)

and values of S, are used in Equation (9) in place of S, when
the detectlion range of fluctuating targets is desired.
Concluding Remarks

Detection probability, PN, 18 related to the bias
level, Yb’ through integrals, the values of which are very
sensitive to small changes in the limlts of integration,
especially for large N. To obtaln numerical values of PN as
a functlion of n', the number of significant figures required
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for Yb must be compatible with the senslitivity of the functions
to be integrated. Accordingly, the bilas level, Yb’ was found
from Equation (5) using the numerical methods described in the
Appendix and double precision arithmetic on the IBM 7090 com-
puter. Varlious values of n' between 10 and 1010 were used and

Po was taken to be 0.5.

The values of ¥y thus determined were used as the
upper limit of integration in Equation (8) and in Equations (15)
through (21). The number of pulses integrated, N, was varied
from 1 to 3000. The signal-to-noise ratio x or X, was veriled
over suffilclent range tc deflne a graph for a range of PN
between approximately 0,001 and 0.999. Values of PN were obtained
by numerical methods described in the Appendix,

The signficant flgures which can be read from Figures 1
through 49 are sufficient for most purposes. However, 1f more
significance 18 required for any particular problem, the tab-
ulated data will be kept on file in BPD. These data are exact
to six significant digits., A comparison with the data pre-
sented in Reference (a) indicates that the accuracy of Mcrcum's
data for non-fluctuating targets is at least as good as the
accuracy of reading his graphs. Swerling's data for all cases,
however, are substantlally in error for large N, the number of
pulses integrated. The exact data indicate lower probabilities
of detection for the same signal-to-nolse ratio.

Ieo F, Fehlner
LFF: 1s w
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Methods for Dlgital Machine Computation
of Detection Probabllity by R, G. Roll and G. T. Trotter

9y

Swerling expressed the detection probability, PN’ for
case 1 1In terms of two incomplete gamma functions and for case 2
in terms of only one. Marcum's expression of the blas level,
Yb, is also a single incomplete gamma function., Numerical
values of PN for cases 1 and 2 and of Yb can be computed from
these expressions as given. To facllitate the evaluation of
incomplete gamma functions, a recurslon relation has been used
to express them as series which can be computed to any pre-
clsior, gilven enough time,

The best method of computing Swerling's cases 3 and 4
and Marcum's case (which we will call case 0) is not obvious
- through inSpection'of the expressions as they gave them. There-
fore, the probability distribution functlons were rederived from
the characterlstic functions to produce serles which can be
computed to any precision. These serles, and the method of
programming them for digital computation, are given below.

Inccmplete Gamma Functicn

The lncomplete gamma functlons are of the form:

a
f( . e-u up
a,p) == —T du (A-1a)
0
o0
-u . p
=1 -jﬁ———,-“— du (A-1b)
D
a

o

n
X
Wk Xrlo P PU ARSI L L0 T e

>
LN N "I'
ARG
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Integration by parts yield:.

&
=1 P -u . p-1 ‘
- (a,p) = - E—-E-\-rll—- + _/’-e—(s—_%)—!— du (A-2)
5 .

which 1s a2 recursion relation expressible as:

p
e-a ak : :
f(a,p) =1 - X ' (A-3a)
, &
o0
-a _k
=Z St (A-3b)
k=p+1

If a > p, Equation (A-3a) converges faster and 1is therefore
preferable for computation. If a < p, Equation (A-3b) is
preferable.

Non-fluctuating Target - Case O
The characteristic functlon for case O as given by
Marcum is:

Nx
o-Nx PFI

I TL A (A-1)

The denslty function is obtalned by contour integration,

+1io
Nx ( )
-Nx _p+1 _(p+l-1)t
1 e e e
£(t) = =y T dp (A-5a)
...ico




R
N
[
[
;%p »xgﬁv‘m“mmv - a5 -
:f{:; o e Appendlx A
:fd.‘t Nx
_ o~Nx -t em e'c(p+1) .
i - 2ri - N ’ -
e ~ (p + 1) (A-5b)
A e ’
§
1'42 1
?:1 ® :
" k N-1+k .
R - o~Nx {Nx) gh it (A-5¢)
B k! (N -14+k)I' = e
o ‘ K= N
"‘_(‘ _ .
E::. The probability distribution function is given by: W
: b
b} b .
@ ™ !:T '
:{ Py (Y) =1 - Jf(t) at =| f(t) dt . (A-6) W
4 Y a
M - o,
f'.'.': " -
oy N-1+k R
s'! *.;'- ;
el @ =Y. S
da N by W
_ ~Nx NX b ™
Y- - J= :‘5&
‘Tv';‘. oL
k) =Y. Ny
¥ b J Yo
.. —’\Ix Nx k e Yb . P ] ..
A = Z K—E)— — 3T (A-Tb) j:’nt _
i K30 J=N+k A
If Y, - N (x + 1), Equation {A~7a) should converge faster and 0%
§ b .
W is therefore preferable for computation. The maximum term is he
X identified by that value of k that makes: y
5 k2
b N-14+k 5
Y (Nx)k b : e
4 —x%xr- (N -1+ k)! o
1*. . !'1
N a maximum. The summation is then carried out around this point. Ly
3 it
n r;.'l' .
o RS
by &
W %
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If ¥, <N (x + 1), Equation (A-7b) 1s preferable. The maximum
term is identified by the value of k that makes: '

N+-k
(nx)¢ Yo
k! (N + k)!

a maximum and the summation is carried out around this point.

Fluctuating Target - Case 3
For case 3, the characterilstlc function, as glven by
Swerling, is:

CN (p) = . .,2

1+ X

The density function may be obtained from
+1i=

1 ept
f(t) = >l NoD N = dp
(1 + p) (1 + % p)

By contour integration, we obtain

AR N TR A S 3 S AR DL TR A et DL A Rt S TR A b A S A e 2

(A-8)

(A-9)

(A-10)
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£(t) (N-2) c® et 2 et
(1 c)N 1 (1 - c\N -2
N-3
’ N-3-k
4 o2 oot (k + 1) t - (A-11)
(N -3 -k)! (1 -c)
k=0 -

' -
N-2
-CYb -Yb(l c [Y ) ]J
(1-c)
e N-2)c b
+ =5 1 - = + cYb I
(1-c) .
. J=0
(A-12)
The summations are incomplete gamma functions which can be
evaluated as shown in Equations (A-3).
Fluctuating Target - Case 4
For case 4, the characteristlic function as given by
Swerling is:
]
N
(1+p) (A-13)

LA [1 r(1+d p]2N
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‘Let
¢ o= —2 = (A-14)
1 + >
then _
2N N
= 1l + p)
Gyy(p) = S— (8-15)
N 2N
(¢ + p)
The density function 1s obtalned from
| o 4ie |
' t 2N N
1 ePt ¢ (1 + p) :
f(t) = Jf dp . (A-16)
2 \ (c +p)N

By contour Integration we obtain

2N-1

-ct 2N N! N-k ,2N -1 -k
£(t) = e %" ¢ : (1 - ¢) t , (4-17)
kT TN=K]? TN - T %7
k=0
The probabllity distribution function is: |
N 2N-1-k -cYy 3
: — N-k e o rcY
N ! 1 - N b
Pyles ¥p) = ¢ T R ( 3 CJ J!( L (a-182)
‘?-" -cYb 3
. N-k e (eY
N N! 1 -c b
=1-C 3 E N = X)T ( = ) 37 (A-18b)

k=o J=2N-k
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If Y, >N (2 ~ ¢), Equation (A-18a) 18 preferable for computa-

tion. The maximum term is identified with that value of k
that makes '

2N-1-k

N (1 - c)N'k (c¥y)
KW -WT | 2N =T - K&!

a maximum. The summation is then carried out around this point.
If ¥, <N (2 - ¢), Equation (A-18b) is preferable. The maximum
term is identified by that value of k that makes

2N-k

N! 1 - c|N-k (e¥%y)

a maximum. The summation is then carried out arcund this point.

Computational Proolems

The extremely large and extremely smali numbers encountered
in the computations mentioned abowve led to some interesting com-
puter programming problems, The IBM 7090 computer, which was
used for these computations, can normally handle numbers in
the range 1070 < |x ] < 103é,_with about eight digits of signi-
ficance. In several instances it was necessary to employ
devious means of handling numbers outsidé this range, or numbers
requiring a higher degree of significance.

First, consider the formula for Yb in terms of N and n':

Y

L N-1
£(Y) = Pg ‘/-Tﬁ—:—ITT— du, (A-19)
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‘with Py = 0.5 and ¥ = ¥,. This equation was reduced to a
differential equation of the form:

-1 =Y
£1(Y) ='(Y;;-_—§-)-_r-: - (A-20)
-u  N-1 : .
fo = £(Y¥y) = fﬁrf9#ryr du | (A-21)
0

where YO is an initial approximatlion to Yb, read to about two
significant digits from Marcum's curves. This differential
equation was integrated by Heun's method:

fJ +1° fJ +'2' [f'(YJ) + f'(YJ + l)] y J=0,1,2, ..., (A-22)

‘where Y =Y, + h. h was set arbitrarily to 0.0l when

J+ 1
f(YO).< f(Yb) or -0,01 when f(YO) > f(Yb). The iteration was. j

carried out up to J = k, such that £(Y,) ~ £(¥,). Then ¥, =Y.

10
are

1/10° 1/10

Note, for example, that 0.5 and 0.5
identical to eight significant digits., Thus, double precision
arithmetlc, a programming technique which extends significance
to about 16 digits, was used for the Heun integration; the
Yb's thus determined are accurate to at least seven slgnificant
digits.

In the above procédure, as well as in the computation
of the detection probabilities, it is often necessary to eval-
uate the expression :

- up

E(a,p) = S

P! (A'23)

B

J
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If p is 3000, say, and u is of that order of magnitude, then
numbers such as e 2°%%, 3000°°9, 3000:, which are well outside
the limitations of the computer, come into play. This problem
may be handled by evaluating
P
InE=-u+plnu- 2:(ln 1),  (A-24)
1=1

Then, : ,
E = e . . (A-25)

Note that E 1s always less than one, and 1is genérally large
enough so that 1n E is easlly handled.

To evaluate the incomplete gamma function, one first
computes the maximum term in this logarithmic fashion, and
then sums about that point to the desired degree of signifi-
cance. Each successive term is computed as the product of
the preceding term and the appropriate ratio.

Similar techniques are used in the computation of
the detection probabilities. For example, in case 4, the

maximum term is computed thus:

|
l
| N
E In T, =klnc+ (N -k) In (1 - ¢) + E:(ln 1)
\ K N-k i=1
- Y (in1) - Y (1) + 1n [ (o, ,2N-1-k) (a-26)
o] =1
in T '
T - max , (8-27)

The sum is then carried ocut about this point, as with the
incomplete garmma functlon.




T 0N HOPKRE evERETY - 32 -
APPUED PHYSICES LABORATORY
nm pmo e

Appendix A
The error incurred by truncating the serles for the

incomplete gamma function i1s estimated as follows. Equation
(A-3a), which is used when a > p can be written:

-2 _p. . \
r<a,p>=1-9-3,a_[1+g+mi_l+...as]. (n-28)
a a

In the above expression the first K terms of the bracketted
sum are used. The criteria for determining K is that the
K + 1 term is less than 10'8 times the sum of the first K
terms. The remalnder of the terms are dropped.

The sum, R, of the remaining terms is:

R =[p(p -1)(p-2)... (p - K)]
" S K1

f1+p—§f1+,p-x-z%(p-x-a)+m(p-a%-l)_s]. (4-29)

The coefficient of this expression 1s by definition less than
10'8 imes the computed sum, C, therefore

R<1o‘8c[1+P‘§‘1 +LE’K'1),£\P'K'2) + P:Ié—'—-l] (A-30)

a a

The ratio of the remainder to the computed value is then
bounded by the following:
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by a similar method. For this case, the ratio of the remainder
to the computed value may be bounded by the expression:

POy .‘
APPUID PHYBICH LASORATCAY N
ave See e 5
Appendix A y
_:" O < R < 10-—8 a . - . (A 31) ;\Jl:
t‘ C. a - p + !E * - :|'I
- . 3
: Ny
. If a < p the value of f(a,p) is computed frcm Equation (A-3b) ' 2%

R -8 K+ 2 | - :
O<g=10 [F%%T%Tﬂ' (a-32) ‘

An estimate of a lower bound on K for a > p may be ' B
obtained from:

: e ey’ i
SR EE N TR T ] o M
= all -
R o
: | | ;
g fora <p s
: Km-u-+§1n%+ E—B—ln%) -p 1ln (1-a (A-34) :;
) U
Substitution of 1limiting values of a and p in expres- !E.
: sions A-31 and A-32 indicates that the truncation error influ- ;it
i ences only slightly the value of the seventh significant (9
: decimal digit. : 5
- The value of K assoclated with the sums of the series ﬂﬁ
. is large when N is large. Since the computed value is the ﬁ%
. qum of only positlve numbers and since truncated arithmetic é;’
X was used, the computed value is biased to the low side of the Rl
: true value., An estimate of the size of the computer truncation ?3
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error indicates that the sixth significant decimal digit would
not be affected in the worst case. The computed data are
correct therefore to at least six significant decimal digits,
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